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Large-scale learning
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Large-scale learning

B High feature dimension d
B Large collection size n = “volume”
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Large-scale learning

B High feature dimension d
B Large collection size n = “volume”

Challenge: compress X before learning ?
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Compressive learning: three routes

(B dimension )
reduction |

B subsampling B sketching

random projections - Johnson Lindenstrauss lemma
see e.q. [Calderbank & al 2009, Reboredo & al 2013]
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Compressive learning: three routes

B dimension
reduction

Nystrom method & coresets
see e.q. [Williams&Seeger 2000, Agarwal & al 2003, Felman 2010]
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Compressive learning: three routes

B dimension B subsampling ‘M sketching |
I‘ed UCtion Ed, (X) f with random moments
s € R™
E®,,(X)
Inspiration: compressive sensing [Foucart & Rauhut 2013]
sketching/hashing [Thaper & al 2002, Cormode & al 2005]
Connections with: generalized method of moments [Hall 2005]

kernel mean embeddings[Smola & al 2007, Sriperimbudur & al 2010]
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B Analogy with compressive sensing

Ml Inequalities between metrics on probability distribution
M Private sketching

B Take Home Messages




Statistical Learning

learning task

arg min B2 (X, 0)
0

B Traditional approach: A
B (Convex) optimization 0 ~ arg mln - Z £ (X;
m (Stochastic) gradient descent

B Several passes on the training set
B Resource hungry at large scale
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Compressive Statistical Learning

learning task

arg min B2 (X, 0)
0

empirical average

small sketch vector
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Compressive Statistical Learning

learning task

arg min B2 (X, 0)
0

ex: random Fourier features
®(x) = p(Wx)

scalar nonlinearity random projection

empirical average

small sketch vector
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Compressive Statistical Learning

learning task

arg min B2 (X, 0)
0

B Distributed / streamed computation

B One pass on the training set
small sketch vector
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Compressive Statistical Learning

learning task: arg min E,Z(X, 0)
0

empirical average
B Distributed / streamed computation
1 B One pass on the training set
el SHOSOH vecior | S = 2 (I)(x) c " B Sketch = random feature moments

i—1 B Small memory footprint
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Compressive Statistical Learning

learning task

arg min B2 (X, 0)
0

B Distributed / streamed computation

mall sketch 1 B One pass on the training set
small sketch vector I cm
5= 2 ( ‘ ) B Sketch = random feature moments

i—1 B Small memory footprint
®  Privacy
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Compressive Statistical Learning

learning task

arg min E,2(X, 0)
0

Learning from a sketch ?

Optimize a surrogate 0 ~ arg m@in C (6' ‘ S)

B Distributed / streamed computation

SM ” ke h r 1 : : - O”G pass on the t a]n]ng set

i—1 B Small memory footprint
®  Privacy

L. GIFFON & R. GRIBONVAL, GRETSI, Nancy, 8 septembre 2022




Example: clustering MNIST

Handwritten digits
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Example: clustering MNIST

Handwritten digits Spectral embedding
21|0[o]e|0]/[3][0]S5]0 D g

elal=lolzlof|a[o[] Pre- £

qlo]q]|0ld[0[0]¢]5]O] . . N f Ceta

al2{0]Ols11{0]O]3] 0 Processing N B S T n=70 000 points
EIEEEE R L A N d=10 dimension
mEAaERERAaral ~— . ¥ o ns k=10 clusters
EEEEEE Using similarity graph .. ": e A O w
mmn & spectral embedding *l f3e ‘7*--.-" . ."-,,'
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Example: clustering MNIST

Handwritten digits Spectral embedding

2|0lolélof/[3[ofs|o
EBEQFFERE NS Pre-
g|6]q|olslofof¢lsfO .
QHAANSINEEE 2 Processiis

n=70 000 points

Eﬂﬂﬂﬂ — d=10 dimension
H|o|alolo]o]e]o]4a] L] k=10 clusters
FIACRPIEBEEAEEI]  Using similarity graph
mEn & spectral embedding
RE M EFARED]
ol c13]0fol9]blo]O] 1]
“ ~~ _/
S m ~ kd sketch dimension
Sketch

R. GRIBONVAL, Workshop Frugalias, Sorbonne Université, Oct 4th 2024




Example: clustering MNIST

Handwritten digits Spectral embedding

2|0]olalo]/]3[0]S]0
Olg[ololglol7(R[0]D) Pre-
9[o]q[Q]s|0[0]€[s]O .
BAARGEIOREERE 2 Processing
EHCZOEANEA
H[0]s[o]o|ofs]of4q] b >
EEEEEE Using similarity graph
BERARAGBRENE &srecte embedding

n=70 000 points
d=10 dimension
k=10 clusters

Olo|]2[r|e|o[o][0]
o] /[3]0]0]9{b]O]O] I
- ~ _/
“ '{)\.Q‘- clel . .'. t..";',’.- S m ~ kd sketch dimension
5 ’h ' Sketch

k centroids, each of dimension d
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Comparison with traditional learning

M Traditional approach B Compressive learning

B ideal goal: minimize risk B sketch the training data

1 n
~ ™m
R(p, (9) — ‘LXNpZ(X, (9) S — 5 E (I)(ZCZ) c R
1=1
B empirical risk minimization B optimize a surrogate
n
A N . 1 ~ N .
HNargmHmE g ((x;,0) HNargmem C'(0]s)
1=1
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Comparison with traditional learning

M Traditional approach B Compressive learning
B ideal goal: minimize risk B sketch the training data
1 n
R(p, (9) — AXNpZ(X (9) S — g E (I)(CCZ) c R™
B empirical risk minimization B optimize a surrogate
0 ~ argmm g {(z;,0 0 ~ argmein C'(0]s)

B need access to trammg samples

X Computationally expensive.
& Sensitive data

Hieh tion.
¥ High energy consumption (e.g. emails, medical data).

C' Multiple passes on the data.
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Comparison with traditional learning

M Traditional approach B Compressive learning
B ideal goal: minimize risk B sketch the training data
1 n
m
R(p,0) = Ex,0(X,0) s =~ E d(x;) € R
B empirical risk minimization B optimize a surrogate
0 ~ argmm g {(z;,0 0 ~ argmin C'(f|s)
v
B need access to trammg samples B can « forget » training samples
| | B complexity independent of n

5 ﬁ‘l’g:p::;‘;";':s‘:xrfszzze S B B slight variant differentially private
C' Multiple passes on the da-ta. 2 e O gOOd Surrogate 77
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Optimization landscapes
toy example - clustering

6 = ‘dl‘gllleillC(B | 2)

0" = arg 11211 R*(0)

150

s 91_) (_02_) moderate o

.
sketch 132
123

114

Surrogate C(6|s) = distance between sketch of model 2-mixture and empirical sketch
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Effect of sketch size m
(clustering - planted model)

A

R(p,0)
R(p, 0*)

Relative loss °

k = number of cluster
d = ambient dimension
n = number of samples

‘@ N=10* FN=10° #+==10°

Mn=10"
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B Principle of compressive learning

N

Ml Inequalities between metrics on probability distribution
M Private sketching

B Take Home Messages

15




Moments & kernel mean embeddings

M Data distribution X ~ p(x)

M Sketch = vector of generalized moments

< — %Z@(xi) ~E (X) = /cp(a;)p(x)dx

B nonlinear in the feature vectors
B [inear in the distribution p(x)

= finite-dimensional Mean Map Embedding, [cf Smola & al 2007, Sriperumbudur & al 2010]

A(p) :=Ex~p®(X)
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Utility guarantees ?

B Compressive learning B Compressive sensing
B ex: mixtures of k Gaussians B ex: k-sparse vectors
pX . 4/lE EEE EEEEEE NN
Random.ized Is recovery Random
Generalized , .
Moments possible? Matrix

IIIII|II|||I|I||||||I|I|IIII||/ T |

we/ y\Am_l_e /

/,

[Gribonval, Blanchard, Keriven & Traonmilin 2021, in Mathematics of Statistics and Learning]

R. GRIBONVAL, Workshop Frugalias, Sorbonne Université, Oct 4th 2024




Utility guarantees ?

B Compressive learning B Compressive sensing
B ex: mixtures of k Gaussians B ex: k-sparse vectors
pX . 4/lE EEE EEEEEE NN
Random.ized Is recovery Random
Generalized , .
Moments possible? Matrix

IIIII|II|||I|I||||||I|I|IIII||/ T |

we/ y\Am_l_e /

Statistical guarantees = control of excess risk
Key ingredients

Task-based metric on distributions

Low-dim model set (task-dependent)

/,

[Gribonval, Blanchard, Keriven & Traonmilin 2021, in Mathematics of Statistics and Learning]
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Risk & task-dependent metric

B Statistical risk
R(p,0) := Ex, (X, 0)

A
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Risk & task-dependent metric

B Statistical risk
R(p,0) := Ex, (X, 0)

A

& - 0

0* € arg mein R(p,0)
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Risk & task-dependent metric

Bl Statistical risk
R(pv ‘9) _— ‘EXpr(X, 9) P

A

— o . 0

6% € arg min R(p,0) 0’ € arg m@in R(p',0)

S

Traditional approach: use empirical distribution p' = Dy, = % 5%
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Risk & task-dependent metric

B Statistical risk / B Bound on excess risk

R(p,0) = Ex,l(X,0) P

A R(p,0') — R(p,0*) < 2sup|R(p’,0) — R(p,0)|
i, 4 0

— o . 0

6% € arg min R(p,0) 0’ € arg m@in R(p',0)

Traditional approach: use empirical distribution p' = Dy, = % Z 5%
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Risk & task-dependent metric

B Statistical risk

R(p,0) := Ex,l(X,0)

A

— o . 0

6% € arg min R(p,0) 0’ € arg m@in R(p',0)

&
.,
X!
F ¥
a
-/

/
p

B Bound on excess risk

R(p,0") — R(p,6*) < 2 sup R(p',6) — R(p,0)]

M suggests task-based metric

®  with abstract hypothesis class #

-

\_

TaskMetric(p, p’) := sup|R(p, h) — R(p’, h)|
ocH

~

W,

Traditional approach: use empirical distribution p’ = Dy, = % Z 5%
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A key metrlc mequallty

[Gribonval, Blanchard, Keriven & Traonmilin 2021, in Mathematics of Statistics and L

4 )
Lower Restricted Isometric Property (LRIP)

vV, € &, TaskMetric(m, ') < || A(w) — A(7")]|2
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A key metric inequality

[Gribonval, Blanchard, Keriven & Traonmilin 2021, in Mathematics of Statistics and Learning]

4 )
Lower Restricted Isometric Property (LRIP)

vr, 7w €16 TaskMetric(r, ) < [|A(7) — A7) |5
9 Y
I

Model set, e.g. set of (separated)
k-mixtures of Diracs or Gaussians
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A key metrlc mequallty

[Gribonval, Blanchard, Keriven & Traonmilin 2021, in Mathematics of Statistics and L

4 )
Lower Restricted Isometric Property (LRIP)

vr, 7w €16 TaskMetric(r, ) < [|A(7) — A7) |5

_ y
ﬂ".%?ft'ufee;’o?%}éits"ér(%eﬁtaéififi H
[ Statistical Guarantees Vr € P(X) A
R(m,h) — R(m,h*) S d°(m, &) + || A(m) — A(mn)]|2
N y

R. GRIBONVAL, Workshop Frugalias, Sorbonne Université, Oct 4th 2024



A key metric inequality

[Gribonval, Blanchard, Keriven & Traonmilin 2021, in Mathematics of Statistics and Learning]

4 )
Lower Restricted Isometric Property (LRIP)

vr, 7w €16 TaskMetric(r, ) < [|A(7) — A7) |5
9 Y

Model set, e.g. set of (separated) \U/

k-mixtures of Diracs or Gaussians

(Statistical Guar:_a_n_t??s: Vr e P(X) A
{R(m,h) = R(m, h*) S d°(m, 8) + [l A(r) — Al
g TTmgmmmment ] y,

Excess-risk
h minimizing surrogate
h* optimum hypothesis
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A key metric inequality

[Gribonval, Blanchard, Keriven & Traonmilin 2021, in Mathematics of Statistics and Learning]

4 )
Lower Restricted Isometric Property (LRIP)

vV, € &, TaskMetric(m, ') < || A(w) — A(7")]|2

!

(Statistical Guarantees Vmw € P(X) A
A . '¢O’ =TS -‘
R(m,h) = R(m, h*) Sid®(m, & )i+ || A(m) — A(mn) ||2
\_ S -== Y,
P(X) '
Notion of distance to the model set
. (mi)or ‘Bias term: vanishes when the true distrib. in the model

TeES = d°(7r,6) =0

~ Approximation error in traditional statistical learning
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A key metric inequality - and a variant

[Gribonval, Blanchard, Keriven & Traonmilin 2021, in Mathematics of Statistics and Learning] [Vayer & Gribonval, 2023, JMLR]

4 )
Lower Restricted Isometric Property (LRIP)

vV, € &, TaskMetric(m, ') < || A(w) — A(7")]|2

!

(Statistical Guarantees Vm € P(X)

------
------

Distance between the empirical and true sketch

Basically converges to zero in @(n_l/ 2)

~~ Estimation error in traditional statistical learning
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A key metric inequality - and a variant

[Gribonval, Blanchard, Keriven & Traonmilin 2021, in Mathematics of Statistics and Learning] [Vayer & Gribonval, 2023, JMLR]

(Lower Restricted Isometric Property (LRIP) Hoélder LRIP with O < 6 < 1 A
)
Vr, " € &, TaskMetric(mw, ") < [|A(w) — A(7')]|2
\_ _J
(Statistical Guarantees YreP(¥) A
R(m, h) — R(m, h*) S d°(m, &) ] A(r) — A(m,) |52
..... F"'-—‘ _J
) s =A(m,)

Distance between the empirical and true sketch

Basically converges to zero in @(n_l/ 2) — O(n o/ 2)

~~ Estimation error in traditional statistical learning
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B Principle of compressive learning
B Analogy with compressive sensing
N

M Private sketching

B Take Home Messages
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Goal = establish the Holder LRIP

4 )
Lower Restricted Isometric Property (LRIP)

)
vV, ' € &, TaskMetric(m, ') < [|A(w) — A(7")]|2
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Goal = establish the Holder LRIP

g )
Lower Restricted Isometric Property (LRIP)

)
/ . / /
vV, ' € &, TaskMetric(m, ') < [|A(w) — A(7")]|2
\_ W,
Task-specific Task-agnostic
A e Te 6 " o
Q— o0 /
@ [ ‘. ‘ U
= he H, e L e 2 e N W
g ::. ............ 'Y N \ ----
o oo,  Jeadh. |
m [} ‘00 Rm
>
TaskMetric(m, ') g Wy (m,7') 5 MMD? (70, 7" S |A(7) — A(7")][5
Wasserstein Learnability g
Kernel HOldel“ LRIP g CSL guarantees

e e e e e e e e e e e e e e PR R TR ST PRI TR TR EETTERTRRITRRITERIS =

Holder LRIP
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[Vayer & Gribonval, 2023, Controlling Wasserstein Distances by Kernel Norms with Application to Compressive Statistical Learning, JMLR] E \é—)

CL S

Task-specific Task-agnostic
7T
” TeGS o
......... - Y
h E 7:[ ........... 7-‘-/ E 6 ........... \
e . e ... .....
e 00 09 o
.3....’:... ‘::..': ....... Rm
T < <
' )
TaskMetric(m, ') > Wolm ') S MMD (w, 7) S |A(7) — A(7")][5
Wasserstein Learnability g
Kernel HOldel“ LRIP CSL guarantees

e e e e e e e e e e e e e e PR R TR ST PRI TR TR EETTERTRRITRRITERIS =

Holder LRIP
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Task-specific Task-agnostic

MMD? (7, 7') | A(m) — A3

Kernel Holder LRIP CSL guarantees

e e e e e e e e e e e e e e PR R TR ST PRI TR TR EETTERTRRITRRITERIS =

Holder LRIP

24



Task-specific Task-agnostic

Kernel Holder LRIP CSL guarantees

S e e e T T e e e T e P e e e T R TP PR PR R R T CI PERT TRV REITEET IR EITRRITLEIY

Holder LRIP
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Key ideas to achieve sketches of small size :
JL lemma and Compressive Sensing
RIP for Mean Map Embedding (~ extensions of JL lemma)
Random kernel approximations [Rahimi & Recht 07, Bach 15]
Covering dim of « secant set », cf also monograph [Robinson 2010]

[Gribonval, Blanchard, Keriven & Traonmilin 2021, in Mathematics of Statistics and Learning] for k-mixtures in Rd m = @(kzd)

Task-specific Task-agnostic

o

Wasserstein Learnability

Kernel Holder LRIP CSL guarantees

e e e e e e e e e e e e e e PR R TR ST PRI TR TR EETTERTRRITRRITERIS =

Holder LRIP
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Key ideas to achieve sketches of small size :
JL lemma and Compressive Sensing
RIP for Mean Map Embedding (~ extensions of JL lemma)
Random kernel approximations [Rahimi & Recht 07, Bach 15]
Covering dim of « secant set », cf also monograph [Robinson 2010]

[Gribonval, Blanchard, Keriven & Traonmilin 2021, in Mathematics of Statistics and Learning] for k-mixtures in Rd m = @(k2d)

Belhadji & G.,Revisiting RIP Guarantees for Sketching Operators on Mixture Models, JMLR 2024 711 = O (kd )

+Belhadji & G., Sketch and shift: a robust decoder for compressive clustering, TMLR 2024]
also reduces empirically needed sketch size via better learning from sketch

Task-agnostic

3
“,
e

Wy (m,7')

Wasserstein Learnability

Kernel Holder LRIP CSL guarantees

e e e e e e e e e e e e e e PR R TR ST PRI TR TR EETTERTRRITRRITERIS =

Holder LRIP
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B Principle of compressive learning

B Analogy with compressive sensing

Ml Inequalities between metrics on probability distribution
N

B Take Home Messages
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Learning with limited memory

F

L P =
B Memory = limited resource M Privacy = desirable target
B Compressive Learning: B Differential privacy
B Goal = handle large-scale collections B Goal = learn without memorizing
individual information
B « enough information » for learning B« no more information than
should be captured needed » should be captured
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Learning with limited memory

éf?,é év*"!‘v
" f“‘

»-

B Memory = limited resource M Privacy = desirable target
B Compressive Learning: B Differential privacy
B Goal = handle large-scale collections B Goal = learn without memorizing
individual information
B « enough information » for learning B« no more information than
should be captured needed » should be captured
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Private sketched learning ?

B “Natural” privacy of an aggregated estimator:
s = %Z D(x,)
i=1

B role of sketch size

m sufficiently large for “task-level” information-preservation
B sufficiently small for “sample-level” information loss?

B Guaranteed differential privacy ?
B randomized sketching function ?

" noise on training samples Y(x)=ox +¢&)

B nhoise on random features Y(x) = O(x;) + &

" partial random features Y(x) = diag(d) - P(x,)
®m  combinations of the above ... ldilo=am.a <1
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Private sketched learning ?

B “Natural” privacy of an aggregated estimator:
s = %2 D(x,)
i=1

B role of sketch size

m sufficiently large for “task-level” information-preservation
B sufficiently small for “sample-level” information loss?

B Guaranteed differential privacy ?
B randomized sketching function ?

" noise on training samples Y(x)=ox +¢&)

B nhoise on random features v Y(x) = O(x;) + &

®  partial random features v Y(x) = diag(d) - P(x,)
B combinations of the above ... 1d;llo = am,a <1

J [Schellekens et al , Differentially Private Compressive k-Means, ICASSP 2019]
‘/ [Chatalic et al, Compressive Learning with Privacy Guarantees, Information and Inference, 2021]
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B Principle of compressive learning

B Analogy with compressive sensing

Ml Inequalities between metrics on probability distribution
M Private sketching

N

28




Summary

v Sketching framework

v Privacy guarantees

= . .| ¥ Statistical guarantees s = 0
—“H' =mcompressive PCA, k-means, GMM  ww—
' = key links with kernels and optimal transport

| P 2
Data {x,}" Sketch =z Learned parameters 6
i Si < nd, m ~ s

*» Open challenges:
- beyond unsupervised sketched learning ?
e.qg.: classification, sparse matrix factorization

O b [E
p L |
m| s e [with E. Lasalle, T. Vayer & P. Goncalves
A

Compressive Recovery of Sparse Precision Matrices, preprint 2023]

s guaranteed algorithms to learn from a sketch ?
e.g.: continuous OMP / sliding Frank-Wolfe
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What's next ?

Ex
REPUBLIQUE
FRANCAISE

Liberté
Egalité
Fraternité

,\ PROGRAMME |
FRANCE DE RECHERCHE S A R P ‘
INTELLIGENCE I I \ |

!

\/ ARTIFICIELLE

Sharp Theoretical and Algorithmic Principles for frugal ML/
/)
Rémi Gribonval, LIP, Inria & ENS de Lyon, coordinator //
https://project.inria.fr/sharp/ -~ anr....
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Liderré

Egaliné
Fraverwivé

"Frugal learning” : an oxymoron ?

B ML = evermore ? B Frugality = sobriety ?
Economic competition

Maximizing performance

Race towards giant models

Unrestrained consumption

where to set the cursor !
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R roLique [[rance\ BN SHARP
FRANCAISE

Lidersé c »._/

Epaliné

Fraverwivé

Frugality: what are we talking about ?

error

‘ State of the art

resources
-bits/flops/Watts
-and/or data

performance
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R roLique [[rance\ BN SHARP
FRANCAISE

Lidersé c »._/

Epaliné

Fravenwivé

Frugality: what are we talking about ?

error

‘ State of the art
-

target
of pure ML resources

-bits/flops/Watts
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What's next ?

Axis 1 Axis 2 AXxis 3

Frugal Frugal "Small" and "Raw"
Architectures Principles Data

SHARP

J

Sharp Theoretical and Algorithmic Principles for frugal ML/

Rémi Gribonval, LIP, Inria & ENS de Lyon, coordinator ,/

//
https://project.inria.fr/sharp/ -~ anr.....

/
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