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Large-scale learning

x1 x2 xnX
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High feature dimension d 
Large collection size n = “volume” 

Large-scale learning

x1 x2 xnX

Challenge: compress     before learning ?X
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dimension 
reduction 

subsampling  sketching 

Compressive learning: three routes 

Y = MX

x1 x2 xnX

random projections - Johnson Lindenstrauss lemma 
see e.g. [Calderbank & al 2009, Reboredo & al 2013]
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dimension 
reduction 

subsampling  sketching 

x1 x2 xn

Compressive learning: three routes 

x1 x2 xnX

Nyström method & coresets 
see e.g. [Williams&Seeger 2000, Agarwal & al 2003, Felman 2010]
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dimension 
reduction 

subsampling  sketching 
with random moments  

Compressive learning: three routes 

x1 x2 xnX

Inspiration:          compressive sensing                                     [Foucart & Rauhut 2013]  
             sketching/hashing                  [Thaper & al 2002, Cormode & al 2005] 

Connections with: generalized method of moments                                     [Hall 2005]  
              kernel mean embeddings[Smola & al 2007, Sriperimbudur & al 2010]

…

E�1(X)

E�m(X)
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Principle of compressive learning 
Analogy with compressive sensing 
Inequalities between metrics on probability distribution 
Private sketching 
Take Home Messages
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Traditional approach:  
(Convex) optimization 
(Stochastic) gradient descent 

Several passes on the training set 
Resource hungry at large scale 

̂θ ≈ arg min
θ

1
n

n

∑
i=1

ℓ(xi, θ)

Statistical Learning

8

large training collection xi ∈ ℝd learning task arg min
θ

𝔼Xℓ(X, θ)
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Compressive Statistical Learning

empirical average

9

random feature map  Φ( ⋅ ) ∈ ℂm

learning task arg min
θ

𝔼Xℓ(X, θ)

small sketch vector s = 1
n

n

∑
i=1

Φ(xi) ∈ ℂm

large training collection xi ∈ ℝd
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Compressive Statistical Learning

empirical average

9

random feature map  Φ( ⋅ ) ∈ ℂm

learning task arg min
θ

𝔼Xℓ(X, θ)

small sketch vector s = 1
n

n

∑
i=1

Φ(xi) ∈ ℂm

ex: random Fourier features
�(x) = ⇢(Wx)
scalar nonlinearity random projection

large training collection xi ∈ ℝd
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Compressive Statistical Learning

empirical average

9

learning task arg min
θ

𝔼Xℓ(X, θ)

small sketch vector s = 1
n

n

∑
i=1

Φ(xi) ∈ ℂm

Distributed / streamed computation

One pass on the training set 

large training collection xi ∈ ℝd

DIS TRI BU TED
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Compressive Statistical Learning

empirical average

9

learning task arg min
θ

𝔼Xℓ(X, θ)

small sketch vector s = 1
n

n

∑
i=1

Φ(xi) ∈ ℂm
Sketch = random feature moments 

Small memory footprint 
Privacy 

Distributed / streamed computation

One pass on the training set 

large training collection xi ∈ ℝd

DIS TRI BU TED



L. GIFFON & R. GRIBONVAL, GRETSI, Nancy, 8 septembre 2022

Compressive Statistical Learning

9

learning task arg min
θ

𝔼Xℓ(X, θ)

small sketch vector s = 1
n

n

∑
i=1

Φ(xi) ∈ ℂm
Sketch = random feature moments 

Small memory footprint 
Privacy 

Distributed / streamed computation

One pass on the training set 

large training collection xi ∈ ℝd



L. GIFFON & R. GRIBONVAL, GRETSI, Nancy, 8 septembre 2022

Compressive Statistical Learning

10

learning task arg min
θ

𝔼Xℓ(X, θ)

small sketch vector s = 1
n

n

∑
i=1

Φ(xi) ∈ ℂm

Learning from a sketch ?
Optimize a surrogate C(θ |s)θ̃ ≈ arg min

θ

Sketch = random feature moments 
Small memory footprint 
Privacy 

Distributed / streamed computation

One pass on the training set 

large training collection xi ∈ ℝd
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Example: clustering MNIST

11

Handwritten digits Spectral embedding

Pre-

processing

ez

Sketch

Sketched

Clustering

n=70 000 points
d=10 dimension
k=10 clusters

m ~ kd  sketch dimension

k centroids, each of dimension d

Using similarity graph
& spectral embedding

s
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Example: clustering MNIST

11

Handwritten digits Spectral embedding

Pre-

processing

ez

Sketch

Sketched

Clustering

n=70 000 points
d=10 dimension
k=10 clusters

m ~ kd  sketch dimension

k centroids, each of dimension d

Using similarity graph
& spectral embedding

s

X



R. GRIBONVAL, Workshop Frugalias, Sorbonne Université, Oct 4th 2024

Comparison with traditional learning

Traditional approach 
ideal goal: minimize risk 

empirical risk minimization  

need access to training samples  

Compressive learning 
sketch the training data 

optimize a surrogate 

can « forget » training samples 
complexity independent of n 
slight variant differentially private 

good surrogate ??

12
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Optimization landscapes 
toy example - clustering

13

= R(pX , ✓)
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Effect of sketch size m   
(clustering - planted model)
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Relative loss
 = number of cluster
 = ambient dimension
 = number of samples

k
d
n

R(p, ✓̂)

R(p, ✓?)
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Data distribution 

Sketch = vector of generalized moments 

Moments & kernel mean embeddings

X ⇠ p(x)

nonlinear in the feature vectors 
linear in the distribution p(x)

finite-dimensional Mean Map Embedding, [cf Smola & al 2007, Sriperumbudur & al 2010]

⇡ E �(X) =

Z
�(x)p(x)dx

16

A(p) := EX⇠p�(X)
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Utility guarantees ?

Compressive learning 
ex: mixtures of k Gaussians 

Compressive sensing 
ex: k-sparse vectors

17

[Gribonval, Blanchard, Keriven & Traonmilin 2021, in Mathematics of Statistics and Learning]

Sketched Learning Compressive Sensing

Randomized 
Generalized 
Moments

Random 
Matrix

Is recovery  
possible?

pX
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Utility guarantees ?

Compressive learning 
ex: mixtures of k Gaussians 

Compressive sensing 
ex: k-sparse vectors

17

Statistical guarantees = control of excess risk 
Key ingredients  
Task-based metric on distributions
Low-dim model set (task-dependent)

[Gribonval, Blanchard, Keriven & Traonmilin 2021, in Mathematics of Statistics and Learning]

Sketched Learning Compressive Sensing

Randomized 
Generalized 
Moments

Random 
Matrix

Is recovery  
possible?

pX
<latexit sha1_base64="BH8HFp5UW1Co2fwEgFAmyGZZSdk="></latexit>

x

<latexit sha1_base64="1zSkQecRqGJWHYQ0S/iFCUJbvGQ="></latexit>

y = Ax+ e

<latexit sha1_base64="b5/PtvpNam3X6/9v1PLLpeTizLs="></latexit>

ez = A(pX) + e

<latexit sha1_base64="t0twMrQArp4/MGLEcsE5xZ52gIY="></latexit>

s = A(pX) + e

<latexit sha1_base64="s8LPHynPNaTwBaomb+auUAsrBuw="></latexit>



R. GRIBONVAL, Workshop Frugalias, Sorbonne Université, Oct 4th 2024

Risk & task-dependent metric

Statistical risk 

18
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Risk & task-dependent metric

Statistical risk Bound on excess risk 
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Risk & task-dependent metric

Statistical risk Bound on excess risk 

suggests task-based metric 
with abstract hypothesis class ℋ
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A key metric inequality

19

Lower Restricted Isometric Property (LRIP)
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Excess-risk 
 minimizing surrogate


 optimum hypothesis
ĥ
h⋆

Model set, e.g. set of (separated) 
k-mixtures of Diracs or Gaussians

[Gribonval, Blanchard, Keriven & Traonmilin 2021, in Mathematics of Statistics and Learning]
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Bias term: vanishes when the true distrib. in the model

Approximation error in traditional statistical learning⇡
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[Gribonval, Blanchard, Keriven & Traonmilin 2021, in Mathematics of Statistics and Learning]
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Statistical Guarantees

A key metric inequality - and a variant
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Lower Restricted Isometric Property (LRIP)
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Distance between the empirical and true sketch
s = A(⇡n)
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Estimation error in traditional statistical learning⇡
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Basically converges to zero in  𝒪(n−1/2)

[Gribonval, Blanchard, Keriven & Traonmilin 2021, in Mathematics of Statistics and Learning] [Vayer & Gribonval, 2023, JMLR]
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Hölder LRIP with 0 < δ ≤ 1
δ

δ

 
 → 𝒪(n−δ/2)

[Vayer & Gribonval, 2023, JMLR]
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Goal = establish the Hölder LRIP

23

Lower Restricted Isometric Property (LRIP)
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[Vayer & Gribonval, 2023, Controlling Wasserstein Distances by Kernel Norms with Application to Compressive Statistical Learning, JMLR]
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Key ideas to achieve sketches of small size :
JL lemma and Compressive  Sensing
RIP for Mean Map Embedding (~ extensions of JL lemma)
Random kernel approximations [Rahimi & Recht 07, Bach 15]
Covering dim of « secant set », cf also monograph [Robinson 2010]

[Gribonval, Blanchard, Keriven & Traonmilin 2021, in Mathematics of Statistics and Learning] for k-mixtures in         ℝd m = 𝒪(k2d)
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Key ideas to achieve sketches of small size :
JL lemma and Compressive  Sensing
RIP for Mean Map Embedding (~ extensions of JL lemma)
Random kernel approximations [Rahimi & Recht 07, Bach 15]
Covering dim of « secant set », cf also monograph [Robinson 2010]

m = 𝒪(kd)
[Gribonval, Blanchard, Keriven & Traonmilin 2021, in Mathematics of Statistics and Learning] for k-mixtures in         ℝd m = 𝒪(k2d)
Belhadji & G.,Revisiting RIP Guarantees for Sketching Operators on Mixture Models, JMLR 2024

+[Belhadji & G., Sketch and shift: a robust decoder for compressive clustering, TMLR 2024]
also reduces empirically needed sketch size via better learning from sketch
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Learning with limited memory

Memory = limited resource  

Compressive Learning: 

Goal = handle large-scale collections  

« enough information » for learning 
should be captured  

Privacy = desirable target 

Differential privacy 

Goal = learn without memorizing 
individual information 
« no more information than 
needed »  should be captured
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Private sketched learning ?

“Natural” privacy of an aggregated estimator: 

role of sketch size 
sufficiently large for “task-level” information-preservation  
sufficiently small for “sample-level” information loss? 

Guaranteed differential privacy ? 
randomized sketching function ? 

noise on training samples                  
noise on random features                  
partial random features                    
combinations of the above … 

Ψ(xi) = Φ(xi + ξi)
Ψ(xi) = Φ(xi) + ξi
Ψ(xi) = 𝚍𝚒𝚊𝚐(di) ⋅ Φ(xi)

27

s = 1
n

n

∑
i=1

Φ(xi)

∥di∥0 = αm, α < 1
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✓ 
✓ 

✓ [Schellekens et al , Differentially Private Compressive k-Means, ICASSP 2019]
✓[Chatalic et al, Compressive Learning with Privacy Guarantees, Information and Inference, 2021]

s = 1
n

n

∑
i=1

Φ(xi)

∥di∥0 = αm, α < 1
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Summary

✓ Dimension reduction

✓ Empirical success

✓ Privacy guarantees 
✓ Statistical guarantees 
➡compressive PCA, k-means, GMM 
➡key links with kernels and optimal transport

✓ Sketching framework

✤Open challenges:  
- beyond unsupervised sketched learning ?  

          e.g.: classification, sparse matrix factorization 

- guaranteed algorithms to learn from a sketch ? 
         e.g.: continuous OMP / sliding Frank-Wolfe

29
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[with E. Lasalle, T. Vayer & P. Gonçalves
Compressive Recovery of Sparse Precision Matrices, preprint 2023]
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What's next ?
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SHARP

"Frugal learning" : an oxymoron ?

4

ML = evermore ? 
Economic competition 
Maximizing performance 
Race towards giant models 
Unrestrained consumption

Frugality = sobriety ?

where to set the cursor ?
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SHARP

Frugality: what are we talking about ?

5

error

performance

State of the art

resources
-bits/flops/Watts
-and/or data
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SHARP

Frugality: what are we talking about ?

5

error

performance

State of the art

target
of pure ML

target of
frugal ML

"acceptable" error ?
"sufficient" performance ?

resources
-bits/flops/Watts
-and/or data

Challenge = master fundamental tradeoffs
resources / performance (Pareto curve)
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What's next ?

Axis 1

Frugal
Architectures 

Axis 2

Frugal
Principles

Axis 3

"Small" and "Raw" 
Data
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